This is a proof that if the eikonal is additive in strong and electromagnetic interactions then the application of the Bethe Ansatz for the full scattering amplitude leads to the strong interaction scattering amplitude with the ratio ( real/imaginary) independent on the transferred momentum t. Below the inelastic threshold the strong interaction amplitude is ∼ δ(t).
Introduction
Recent measurements by the TOTEM at 13 TeV caused a vivid discussion (more than 60 publications by now) of a strikingly small value of the parameter ρ = ReT (s, 0)/ImT (s, 0) which lies (with some variations) near 0.10. The extraction of this parameter (which is inherently model dependent) relies heavily on how the Coulomb contributions are taken into account in the full scattering amplitude. Since the pioneering paper by H.Bethe [1] it became a long-standing practice to use the following form for the full (including both strong (N) and Coulomb (C) interactions) scattering amplitude:
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for pp scattering with F (t) the proton form factor. There were suggested many expressions for the "West-Yenni phase" ϕ(s, t) (to cite a few, see [2] ) which contain both electromagnetic and strong interaction parameters, e.g., the forward slope B(s), the proton "charge radius" etc. which allowed description of the data of various degrees of quality. In Ref. [3] the arguments were presented against the use of the "Bethe Ansatz" in the case of point like proton charges. Now I am going much farther and present a proof of the inconsistency of the "Bethe Ansatz" in general case if to remain with the basic Bethe's assumption about additivity of the eikonal in electromagnetic and strong interactions (see Eqs.(4.28)-(4.30) in Ref. [1] ). In truth, Bethe himself, who acted in the framework of a particular model, did not seem to claim the universal applicability of his parametrization, but later it was "canonized" and we treat it here that way.
The general eikonal framework
As was shown in [3] the modulus of the full scattering amplitude can be cast into the form
and (regularized) Coulomb eikonal readŝ
is the strong interaction amplitude induced by the eikonal δ N (s, b). Eq. (2) stems from the commonly assumed additivity of the full eikonal:
In what follows we will use the variable
which reflects the t − u symmetry of the pp scattering. At θ → 0 q 2 ≈ −t while at θ → π q 2 ≈ −u. In order not to lose generality, we do not use any specific model for the amplitude T N (s, t) (or the eikonal δ N (s, b)) of strong interaction, with the exception, perhaps, of a rapid drop at large q 2 or analyticity at q 2 = 0.
3 When in doubt, expand in a power series.
What we are going to do next is to expand two expressions
and
which tentatively represent one and the same quantity, i.e. | T C+N (s, t) |, in powers of α and to compare the corresponding coefficients. This should give us possible restrictions on the strong interaction amplitude which the Bethe Ansatz implies (if any). Let us notice first that the expansion of a modulus | f (α) | in α up to the first order is of the form
where f ′ (α) ≡ ∂f /∂α. The coefficient {Bethe} before α which stems from the Bethe Ansatz (3) reads:
while the general expression (4) gives
here
As this equation holds for arbitrary q − q ′ we get
We have thus that Arg T N (s, t) does not depend on t. Thus, the scattering amplitude has to have (according to the Bethe formula (1)) the following general form
where we adopted a shorter designation R N (s, t) ≡ ReT N (s, t) and ω is simply related to the familiar parameter ρ:
The quantity R N (s, t) is a distribution in s and an analytic function in t.
To check the acceptability of such an option for the scattering amplitude let us take the energy lying below the inelastic threshold. It follows immediately from Eq. (7) and elastic unitarity that the partial amplitude
turns out to be independent on l
This results in a discouraging outcome:
if to recall our condition in Eq.(2) (t = 0) from which we started our inference. In this way the comparison of the eikonal representation and the Bethe formula leads to a flagrant contradiction with analyticity of the strong interaction scattering amplitude at t = 0 while the very amplitude vanishes at t = 0 .
Conclusion and outlook
Thus we arrive to the conclusion that the Bethe Ansatz (1) leads , in the case of an additive eikonal, to a strong interaction amplitude which disappears at t = 0 and is non analytic at t = 0. Such a disappointing conclusion still leaves a room for further insights. Actually the additivity of the eikonal came from the non relativistic context where potentials of different forces just add. In relativistic case we have no proof of the scattering matrix factorization
which embodies the eikonal additivity and hardly holds as an exact statement.
Generally, we can always represent the eikonal in the form
where δ CN (b, α) is an "irreducible" part of the eikonal which vanishes when the electromagnetism is switched off ( δ CN (b, α = 0) = 0) but depends on strong interaction parameters. It would be interesting to see if, in this general case, the Bethe Ansatz leads to acceptable restrictions, if any, on the strong interaction amplitude. On the other hand, the very Bethe Ansatz (1) is not at all a rigorously and generally established formula. It is rather an assumption motivated by plausible considerations. So, another conceivable way out is to simply drop the Bethe form and, preserving the additivity of the eikonal, to use formula (4) for account of the Coulomb effects. This was discussed in more detail in Ref. [3] .
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